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EXAMPLES OF NONALGEBRAIC NILPOTENT LIE ALGEBRA
ELISABETH REMM. MICHEL GOZE
Abstract. We describe some examples of non abelian nilpotent Lie algebras which are not
algebraic.
Introduction. All Lie algebras considered in this paper will be finite dimensional and
defined over an algebraically closed fixed K of characteristic 0. An algebraic Lie algebra is a
Lie algebra. The converse is in general not true. The problem of determining if a given Lie
algebra is algebraic or not is generally difficult. There are some criteria. For example, if a
Lie algebra coincides with its derived subalgebra, then it is algebraic. It is for example the
case for the semisimple Lie algebras. But for the abelian Lie algebras, that’s not the case. It
exists from the dimension 1 non algebraic abelian Lie algebras. But we know the structure
of the abelian algebraic Lie algebras. It is not the case for nilpotent Lie algebra.
1. Classical results on algebraic Lie algebras, [1]
Let V be a finite dimensional K-vector space. Denote by End(V ) the K-vector space of
endomorphisms of V and by Aut(V ) the automorphism group of V . Recall that a subgroup
of Aut(V ) is an algebraic group G if there exist a set S of polynomial functions on Aut(V )
such that G = {f ∈ Aut(V ), ∀P ∈ S, P (f) = 0}.
With this definition Aut(V ) is an algebraic group.
Remark. A more general definition of algebraic group can be given considering an algebraic
group as an affine variety with multiplication and inverse operation which are morphisms
of algebraic varieties. In this framework Aut(V ) appears as a principal open subset of the
affine space An
2
.
TheK-vector space End(V ) is provided with a Lie algebra structure considering the bracket
[f, g] = f ◦ g − g ◦ f. We denote this Lie algebra by gl(V ).
Let G be an algebraic group of automorphisms of V . The Lie algebra of G is the subalgebra
of gl(V ) wich is composed of the endomorphisms X satisfying dP (X) = 0 where P is a
polynomial in the ideal I(G) generated by S. More generally a subalgebra of gl(V ) is
algebraic if it is the Lie algebra of an algebraic group of automorphisms of V . It is difficult
to recognize among the Lie algebras those who are algebraic. For example an abelian Lie
algebra is not always algebraic. In fact, if we consider a n-dimensional algebraic torus, that
is a product of n copies of K∗, then its algebraic Lie algebra is diagonalizable, that is it is
commutative and all its elements are semi-simple. The algebraic Lie subalgebra of algebraic
subgroups of a torus are the linear subspaces of the algebraic Lie algebra of the torus which
are defined on the field of rational numbers.
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We recall also some structural properties of an algebraic Lie algebra. Let X be an endo-
morphism of V . Let g(X) be the smallest algebraic Lie subalgebra of gl(V ) which contains
X . The elements of g(X) are called the replica of X . Since X generates a one-dimensional
Lie subalgebra of gl(V ), then g(X) is the algebraic Lie subalgebra generated by this Lie
algebra. We have the following classical result
Theorem 1. A Lie subalgebra g of gl(V ) is algebraic if and only if for any X ∈ g we have
g(X) ⊂ g. In particular, if g is algebraic, the semisimple and nilpotent components Xs and
Xn of X ∈ g given by the Chevalley-Jordan decomposition of X are also elements of g.
To compute g(X), we determine in a first step g(Xs). Since Xs is semisimple (and K = C),
there exists a basis {e1, · · · , en} of V of eigenvectors of Xs. Let {λ1, · · · , λn} the correspond-
ing eigenvalues. The subset A of gl(V ) whose elements Y satisfy Y (ei) = µiei is an abelian
Lie algebra of gl(V ). Now we consider the set Λ of n-uples of integers (p1, · · · , pn), pI ∈ Z,
such that
p1λ1 + p2λ2 = · · ·+ pnλn = 0.
Then, if we denote by Yµ1,··· ,µn the elements of A such that Y (ei) = µiei,
g(Xs) = {Yµ1,··· ,µn ∈ A, p1µ1 + · · ·+ pnµn = 0, (p1, · · · , pn) ∈ Λ}.
The construction is similar for g(Xn). The minimal algebraic group G(Xn) containing the
unipotent operator ExpXn consists of all unipotent automorphisms of the form Exp(tXn).
Then g(Xn) is a one-dimensional abelian algebraic group, isomorphic to the additif abelian
group K.
Recall also the classical decomposition of an algebraic nilpotent Lie algebra.
Proposition 2. Let g be an algebraic nilpotent Lie subalgebra of gl(V ). Let n be the set of
nilpotent elements of g. Then n is an ideal of g and
g = n⊕ a(1)
where a is an abelian algebraic Lie subalgebra of g contained in the center of g and whose
elements are the semisimple elements of g.
2. An exemple of 3-dimensional nilpotent Lie algebra which is not
algebraic
We consider the 3-dimensional linear subspace h of gl(4,C)



x1 + x2 x1 + x2 0 x1
x1 + x2 x1 + x2 0 x2
αx1 + (β − 1)x2 βx1 + (α+ 1)x2 0 x3
0 0 0 0

 , x1, x2, x3 ∈ C


where α, β are fixed elements of C such that α + β 6= 0. A basis of h is given by the three
elements
X1 =


1 1 0 1
1 1 0 0
α β 0 0
0 0 0 0

 , X2 =


1 1 0 0
1 1 0 1
β − 1 α + 1 0 0
0 0 0 0

 and X3 =


0 0 0 0
0 0 0 0
0 0 0 1
0 0 0 0

 .
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We verify that
[X1, X2] = X3, [X1, X3] = [X2, X3] = 0.
Then h is a 3-dimensional Lie subalgebra of gl(4,C). It is isomorphic to the 3-dimensional
Heisenberg Lie algebra, but this isomorphism is not the linear part of isomorphism of alge-
braic groups. Let us consider X1. Its Chevalley-Jordan decomposition
X1 = X1,s +X1,n
is given by
X1,s =


1 1 0 1/2
1 1 0 1/2
α+β
2
α+β
2
0 α+β
4
0 0 0 0

 , X1,n =


0 0 0 1/2
0 0 0 −1/2
α−β
2
−α−β
2
0 −α+β
4
0 0 0 0


Since X1,s /∈ h and also X1,n /∈ h, we deduce
Theorem 3. The 3-dimensional nilpotent Lie subalgebra h of gl(4,C) is not algebraic.
A matrix X ∈ h is nilpotent if and only if x1 + x2 = 0. In fact the eigenvalues of X are 0
and 2(x1 + x2). We deduce that the set of nilpotent matrices of h is the subspace generated
by X1 − X2, X3 and it is an abelian ideal of dimension 2. Let us note that any non trivial
matrix of h is not diagonalisable and h doesn’t admit a decomposition (1).
We know that any Lie algebra g0 generates an algebraic Lie algebra g1 which is the smallest
algebraic algebra containing g0 and these two algebras have the same derived Lie algebra.
Let us determinate the algebraic Lie algebra generated by h. This algebra contains the semi-
simple part of any X ∈ h. If X = x1X1 + x2X2 + x3X3,
Xs =


x1 + x2 x1 + x2 0
1
2
(x1 + x2)
x1 + x2 x1 + x2 0 (x1 + x2)
1
2
α+β
2
(x1 + x2)
α+β
2
(x1 + x2) 0
α+β
4
(x1 + x2)
0 0 0 0


Consider X4 =


1 1 0 1/2
1 1 0 1/2
α+β
2
α+β
2
0 α+β
4
0 0 0 0

. Then we have [Xi, X4] = 0 for i = 1, 2, 3 and
m = h ⊕ K{X4} is a 4-dimensional Lie algebra, containing h. Moreover, for any X in m,
Xs and Xn the semi-simple and nilpotent parts of the Jordan decomposition of X are in m.
This Lie algebra is
m =




x1 + x2 + x4 x1 + x2 + x4 0 x1 +
x4
2
x1 + x2 + x4 x1 + x2 + x4 0 x2 +
x4
2
αx1 + (β − 1)x2 +
α+β
2
x4 βx1 + (α+ 1)x2 +
α+β
2
x4 0 x3 +
α+β
4
x4
0 0 0 0


x1, x2, x3, x4 ∈ C


,
with fixed elements α, β of C satisfying α + β 6= 0. Let us note that an element of m is
nilpotent if and only if x1 + x2 + x4 = 0. Then the set n1 of nilpotent elements of m is the
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3-dimensional linear subspace of m
n1 =




0 0 0 x1/2− x2/2
0 0 0 −x1/2 + x2/2
α−β
2
x1 +
−α+β−2
2
x2
−α+β
2
x1 +
α−β+2
2
x2+ 0 x3 +
α+β
4
(−x1 − x2)
0 0 0 0




,
The set of diagonalisable elements is the 1-dimensional subalgebra
a1 =




y y 0 y/2
y y 0 y/2
α+β
2
y α+β
2
y 0 α+β
4
y
0 0 0 0




,
with y ∈ C and
m = n1 ⊕ a1.
Moreover, for any X ∈ m, its components Xs and Xn are also in m. To study the algebraicity
of m we have to compute for any X ∈ m, the algebraic Lie algebra g(X) generated by X .
Let Xs be its semisimple component. The eigenvalues are 0 which is a triple root and the
simple root 2(x1 + x2 + x4). We assume that x1 + x2 + x4 6= 0. The set Λ is constituted of
4-uples of integers (p1, p2, p3, 0). Let be Y a semisimple element of m commuting with Xs
whose eigenvalues (µ1, µ2, µ3, µ4) satisfy p1µ1 + p2µ2 + p3µ3 = 0 for any p1, p2, p3 ∈ Z. Then
µ1 = µ2 = µ3 = 0. We deduce that
Y =


m m 0 m
2
m m 0 m
2
m(α+β)
2
m(α+β)
2
0 m(α+β)
4
0 0 0 0


and Y is an element of m corresponding to x1 = x2 = 0, x4 = m. Then g(Xs) ⊂ m. Let
Xn = X −Xs be the nilpotent component of X . Then
Xn =


0 0 0 x1−x2
2
0 0 0 −x1+x2
2
α−β
2
x1 +
−α+β−2
2
x2
−α+β
2
x1 +
α−β+2
2
x2 0 x3 − (x1 + x2)
α+β
4
0 0 0 0


Such vector belongs to the algebraic nilpotent 3-dimensional Lie algebra n1 whose elements
are all nilpotent. Recall that a nilpotent subalgebra of gl(V ) for some vector space V whose
elements are all nilpotent is called unipotent and it is algebraic. But g(Xn) is contained in
this algebra, it is also contained in m. Then we have
Proposition 4. The Lie algebra m is algebraic. It is the algebraic Lie algebra generated by
the Lie algebra h.
Remark. The Lie algebra h is described in [2, 3] to proved that there are filiform Lie
algebras provided with non complete affine structures.
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3. Other examples in any dimension
Let g be a n-dimensional nilpotent Lie algebra. Its nilindex is smaller or equal to n − 1
and g is called filiform if its nilindex is equal to n− 1. For example, consider the Lie algebra
given in a basis {X1, · · · , Xn} by
[X1, Xi] = Xi+1, i = 2, · · · , n− 1, [Xi, Xj] = 0, i, j ≥ 2.
This Lie algebra is commonly called a model of n-dimensional filiform Lie algebra and denoted
by Ln.
Consider for n ≥ 4 the n-dimensional Lie algebra defined by
X1 =


a a 0 0 · · · 0 0 0 1
a a 0 0 · · · 0 0 0 0
0 0 0 0 · · · 0 0 0 0
0 0
1
2
0 · · · 0 0 0 0
0 0 0
2
3
· · · 0 0 0 0
· · · · · · ·
n−4
n−3
· · ·
α β 0 0 · · · 0 n−3
n−2
0 0
0 0 0 0 · · · 0 0 0 0


X2 =


a a 0 0 · · · 0 0 0 0
a a 0 0 · · · 0 0 0 1
−1 1 0 0 · · · 0 0 0 0
0 0
1
2
0 · · · 0 0 0 0
0 0 0
1
3
· · · 0 0 0 0
· · · · · · ·
n−4
n−3
· · ·
β α 0 0 · · · 0 1
n−2
0 0
0 0 0 0 · · · 0 0 0 0


with a 6= 0 and by
Xi = [X1, Xi−1], i = 2, · · · , n− 1.
We deduce that
[Xi, Xj] = 0, i, j ≥ 2,
and the matrices Xi generate a Lie subalgebra hn of gl(n+ 1,C) which is isomorphic to Ln.
The eigenvalues of X1 are 0 and 2a 6= 0. Its minimal polynomial is T
n−2(T −2a). We deduce
that the semisimple component of X1 is
X1,s =
1
(2a)n−3
Xn−21 .
It easily to see that, since n > 3, this matrix does’t belong to hn. Then hn is not an algebraic
nilpotent Lie algebra.
Corollary 5. For any n ≥ 3, there exists a n-dimensional non algebraic nilpotent Lie
algebra.
Remark. In some works, one uses a more elusive definition of algebraic Lie algebra consid-
ering that a Lie algebra is algebraic if it is isomorphic (with an Lie algebra isomorphism and
not a algebraic Lie algebra isomorphism) to an algebraic Lie algebra. From this perspective,
any nilpotent lie algebra is algebraic. It is also the case for the abelian Lie algebras, and the
study of abelian algebraic groups has not much interest...
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